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Abstract

Large sensor networks are being widely deployed
for measurement, detection, and monitoring applications.
Many of these applications involve database systems to
store and process data from the physical world. This data
has inherent measurement uncertainties that are properly
represented by continuous probability distribution functions
(pdf’s). We introduce a new object-relational data type, the
Gaussian ADT GADT, that models physical data as gaus-
sian pdf’s, and we show that existing index structures can
be used as fast access methods for GADT data. We also
present a measure-theoretic model of probabilistic data and
evaluate GADT in its light.

1 Introduction

Networks of radar, sonar, seismic, and thermal sensors
are being deployed widely for measurement, detection, and
monitoring applications. These sensor networks will cre-
ate a �ood of observational data of unprecedented scale
[EGHK99]. Similarly, enormous quantities of physical data
are, and will continue to be, generated by astronomical sky
surveys [SKT � 00]. A large class of these applications rely
on database systems to store, �lter, compare and aggregate
large volumes of physical data [BS00].

Inherent to data that result from a physical measure-
ment is uncertainty regarding the true value of the measured
quantity. This uncertainty can properly be described by
a continuous probability distribution function ( ��� �	� 
�� ) over
the possible measurement values. For example, consider a
temperature sensor in your of�ce that reports an estimate �

of the current temperature



; let this estimate be �
��������
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Fahrenheit (F). Given this measurement, do we believe that
the temperature in your of�ce is exactly

�����
F? Assuming

that the error introduced by the sensor has a gaussian dis-
tribution with a known standard deviation of � � F, we can
compute the probability that the true temperature



lies in

the range � 
�����
	 "! . In the context of a database application, a
user should be able to submit a query that retrieves all tem-
peratures whose true values lie in the range � 
$#���
&%�! with a
given probability ' .

Note that we need to manage such uncertainties using
probability theory, and not using fuzzy theory. There is no
question here about fuzzy set membership or the de�nition
of vague terms such as �tall� or �hot.� Since the nature of
our problem is fundamentally probabilistic, fuzzy relational
models do not apply in our setting. [AR84, KF88, RM88].

In order to manage the uncertainty associated with phys-
ical data but at the same time take advantage of features of
a modern database system, we need a data model for repre-
senting continuous ��� �	� 
�� ’s such as gaussians. Surprisingly,
none of the numerous probabilistic data models described in
the literature handles continuous ��� �	� 
�� ’s�all models deal
with discrete ��� �	� 
�� ’s [CP87, BGMP92, DS96].

In this paper, we develop a data model for continuous��� �	� 
�� ’s. Our �rst contribution is GADT, a concrete abstract
datatype (ADT) for representing one-dimensional gaussian
distributions. GADT is simple and expressive. We show that
GADT is easy to implement as an extension to an existing
object-relational DBMS, and we outline how we can access
GADT data ef�ciently using indexing by linear constraint
(QBLC) [GRSY97]. As a proof of concept, we have car-
ried out a prototype implementation of GADT in the Cornell
Predator ORDBMS [Ses98].

Our second contribution is a study of the theoretical as-
pects of probability space ADT’s. Having started with the
datatype GADT, we lift our level of abstraction to a measure-
theoretic framework to reason about properties of datatypes
that represent continuous as well as discrete probability dis-
tribution functions. We introduce probability spaces and
events as the basic elements of any probabilistic data type.
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We show that equality raises an interesting challenge for
continuous distributions, and we introduce operations that
overcome this challenge. This conceptual study does not
only provide a framework for the future development of
probabilistic ADT’s, but also sheds light on several aspects
of our one-dimensional gaussian model. Thus our measure-
theoretic framework is not only an abstraction of given in-
stantiations of probabilistic ADTs, it allows us to gain in-
sights into the general functionality and methods that in-
stantiations of probabilistic ADTs should encompass and
what their semantics should be. The reader should therefore
understand this paper as a trail that starts with a concrete in-
stantiation, climbs to the abstract level, and then returns to
the concrete instantiation with some insights from the ab-
stract level.

The milestones along our trail are as follows. Section 2
introduces the gaussian ADT GADT and its methods. Sec-
tion 3 outlines techniques for query processing using GADT

data and queries. Section 4 studies the theoretical aspects
of probability space ADTs, and Section 5 discusses the in-
sights that our theoretical framework provides with respect
to GADT. We discuss related work in Section 6 and con-
clude in Section 7.

2 GADT: The Gaussian ADT

In this section, we introduce GADT, the gaussian ADT
with which we can represent physical measurements as
continuous gaussian ��� �	� 
�� ’s. We �rst introduce gaussian��� �	� 
�� ’s formally in Section 2.1. Section 2.2 introduces
GADT, and Section 2.3 introduces the methods that GADT

supports.

2.1 Preliminaries

A gaussian ��� �	� 
�� has the form

����� ���	��
���
 �������� ��� ���	���  ���� %�� � (1)

The parameters � and � are the mean and standard devia-
tion of the ��� �	� 
�� , respectively. The de�nite integral of ����� �
is denoted  ��� � and gives the probability that the true value
of � lies in the interval of integration:

 ��� �!� � " �$# ! 
%��
 ��'&)( �+* � " �$# !-,&�/.102 ����� �!�	34
�5�3 � (2)

For 687:9 , we use ; � 6 
 to denote  =< � � � � >?6 � 6 ! 
 . It is related
to the well-known error function @BA	C � 6 
 [Fel66, Vol. 1, Ch.
7]:

; � 6 
D��
 ��  E< � � � � >?6 � 6 ! 
 � @BA	CEF 6� %!G � 687:9 � (3)

The function ; has an inverse, H , de�ned on � 9 ��# ! by:

H � ; � 6 
4
I��
 �� 6 � (4)

Both ; and H are monotonically increasing.

2.2 The GADT Model

A measurement that is subject to many small and ran-
dom errors is normally distributed and characterized by a
gaussian ��� �	� 
�� A �nite number of repetitions of a measure-
ment also results in a normal distribution [Tay82]. We de-
sire a data model that treats gaussians as �rst-class data val-
ues. GADT accomplishes this by de�ning a gaussian ADT:
an instance of the ADT corresponds to a gaussian ��� �	� 
�� ,
and, in terms of physical data representation, consists sim-
ply of the two real numbers � and � . GADT instances
are by de�nition probabilistically independent of each other
so that the joint ��� �	� 
�� of two gaussian instances is sim-
ply the product of their ��� �	� 
�� ’s. Statistical dependence be-
tween measured quantities can be represented using higher-
dimensional gaussians; higher-dimensional gaussians are a
topic for future research.

In order to evaluate the probability that a true physical
value lies in a given interval, we need an interval ADT. The
interval ADT represents intervals on the real line; it is an-
cillary to GADT. Due to space constraints, and for ease of
explanation, we do not de�ne the interval ADT formally,
and we focus our attention on the case of single intervals, as
opposed to unions of disconnected intervals.

We now use a simple denotational semantics to de�ne
GADT methods. The semantics make use of the following
basic value mappings, which are generalized in Section 4.
Given a GADT instance J having mean � and standard devi-
ation � , we de�ne the gaussian mapping K � � J ! ! by

K � � J ! ! ��
 ��  ��� � � (5)

Similarly, given an instance L of the interval ADT represent-
ing the real interval � " �$# ! , we de�ne the interval mappingM � � L ! ! by M � � L ! ! ��
 �� � " �$# ! � (6)

Finally, given a real instance � representing the real numberN
, we de�ne the real mapping O � � � ! ! by

O � � � ! ! ��
 ��'N � (7)

We use these three instance mappings to de�ne the GADT

methods PBA�Q�R , SUT V , and WXQ�YZC , and we show how these
methods can be used to pose queries involving data with
continuous ��� �	� 
�� ’s.
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2.3 GADT Methods

2.3.1 Selections with PBA�Q�R
Computing the probability that a value lies inside an interval
is the most fundamental GADT operation. The PBA�Q�R ADT
method provides this feature: It takes as argument an inter-
val instance L and returns the probability that the true value
of the measurement represented by a GADT instance J lies
in
M � � L ! ! : O � � J � PBA�Q�R � L 
 ! ! ��
 �� K � � J ! ! � M � � L ! ! 
 � (8)PBA�Q�R is useful for obtaining the likelihood of events. As

an example, let � � be a relation having the GADT-valued
attribute ������� , which stores a temperature measurement
obtained from a temperature sensor. Using PBA�Q�R , we can
pose queries such as: Retrieve from � � all tuples whose������� is within 0.5 degrees of 68 degrees with at least 60%
probability:

SELECT *
FROM � �
WHERE � � ��������� � PBA�Q�R � � �
	 � � � ��� � � ! 
 7 9 � �

Another example is as follows: Retrieve from � � all tuples
whose ������� is at least 75 degrees with probability at most
90%:

SELECT *
FROM � �
WHERE � � ��������� � PBA�Q�R � � 	 � �
� ! 
�� 9 � �

2.3.2 Comparisons with SUT V
Another important operation is to compute the difference
between two gaussians [Tay82]. Let J ��� J  be two GADT

instances representing uncertain scalar quantities � � and�  , respectively, and let K � � J � ! ! � �����$� ��� �	� � 
 and K � � J  "! ! ���� � � � � �	�  
 . Because J � and J  are probabilistically inde-
pendent, the ��� �	� 
�� of � � > �  is a gaussian ������� ��� , where� � � � � > �  �� and (9)

� � � � �  ��� �   � (10)

We use DIFF to denote the difference between two gaus-
sians:

DIFF �  ���$� ��� �  � � � � � 
 ��
 ��  ���!� ��� �
Note that DIFF is not symmetric in its arguments. The SUT V
method computes DIFF:

K � � J � � SUT V � J  
 ! ! ��
 �� DIFF � K � � J � ! ! � K � � J  "! ! 
 � (11)

When used with PBA�Q�R , SUT V allows us to compare J � and J  
by computing the probability that "�� � � > �  � # :&)( "�� � � > �  � #Z,&� � J � � SUT V � J  
4
 � PBA�Q�R � � " �$# ! 
 � (12)

As an example, let � � and �  be two relations each having
the GADT-valued attribute ������� , which stores a tempera-
ture. Consider the following query: Join � � and �  on the
condition that � � ��������� is within 0.1 degrees of �  ���������
with probability at least 75%:

SELECT *
FROM � ��� �  
WHERE � � � ��������� � SUT V � �  ��������� 
4
 �PBA�Q�R � � >?9 � #�� 9 � # ! 
 7:9 � 	 �

2.3.3 Comparisons with WXQ�YZC
In the context of astronomical data, C. Page shows that it is
useful to compare gaussians by testing whether their con-
�dence intervals overlap [Pag96]. Page calls this kind of
join a �fuzzy join�1 and recommends that it be implemented
in all astronomical DBMS’s. GADT provides the methodWXQ�YZC to do this. Given a GADT instance J and a probability' * � 9 ��# ! , J �-WXQ�YZC � ' 
 evaluates to the

# 9�9 ' % con�dence
interval. Speci�cally, if K � � J ! !	� ����� � , thenM � � J �-WXQ�YZC � ' 
 ! ! ��
 �� �Z� > ��� H � ' 
 � � � ��� H � ' 
 ! (13)

(recall the de�nition of H from Equation 4). Let � ��� �  be
two relations each having the GADT-valued attribute

&! �"
,

which stores the positions of stars along a certain dimen-
sion. Then we can ask the following query: Join � ��� �  on
the condition that the 30% con�dence interval of � � � &! �"
intersects the 35% con�dence interval of �  � &! �" :2

SELECT *
FROM � ��� �  
WHERE � � � &! �" �-WXQ�YZC � 9 � # 
%$�  � &! �" �-WXQ�YZC � 9 � #�� 
�&�('

2.4 Implementation

As a proof of concept, we performed a prototype im-
plemention of GADT as an extension to the Cornell Preda-
tor object-relational DBMS [SP97]. We de�ned new ab-
stract data types (ADTs) for gaussians and for intervals.
We implemented the PBA�Q�R and WXQ�YZC methods of GADT.
The computation of probabilities in PBA�Q�R relies on an ap-
proximation of ; [FGB01]. An alternative is to rely on a
pre-packaged implementation of ; , such as those found in
Mathematica, Matlab, or the GNU C Compiler. The inter-
val ADT is used to express ranges and the results of calls to
the WXQ�YZC method. In order to implement the Page join (in
Section 2.3.3) we implemented a simple Intersect method
that computes the intersection of two intervals. The gaus-
sian and interval ADTs extend Predator’s type subsystem;

1Arguably a misnomer, since it involves no fuzzy set theory.
2The interval ADT is assumed to provide a method to compute inter-

sections of intervals. We use ) as informal notation for that method.
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they do not rely on any featuresparticularto this system
andthuscanbeimplementedin any ORDBMS.

3 Indexing GADT Relations

Whendealingwith largevolumesof GADT data,queries
cannotbe ef�ciently processedby naively scanningrela-
tions; we needef�cient accessmethods. Fast accessto
GADT datacan be achieved by translatingGADT queries
into queriesby linear constraints (QBLC). Goldsteinet
al. [GRSY97] andAgarwal et al. [AAE98] have recently
shown that QBLC canbe processedef�ciently usingstan-
dardindexing structuressuchastheR-tree.

Let J be a GADT instancewith K � � J

! ! �

 

��� � . Then J

is logically equivalentto thepair �

�

�

�


 , andany condition
imposedon J is equivalentto a constrainton �

�

�

�


 . If the
conditionis givenby a booleanpredicate

#

thenwe canvi-
sualizeall instancessatisfying

#

asa region � in the � > �

plane(a subsetof �����	� ). We call � thevalid region of
#

. We call any supersetof � a saferegion for
#

. A sim-
ple procedurefor GADT queryprocessingis the following
two-stageprocess:

1. Computea saferegion that is expressibleasa setof
linearconstraints;then

2. Use the constraintsas input to a QBLC indexing
engine such as the R-tree variant of Goldstein et
al. [GRSY97].

Examplesof saferegion computationfollow in theremain-
der of this section. More generalquestionsof querypro-
cessingandoptimizationfor GADT arebeyondthescopeof
thispaperandawait futureresearch.

3.1 Saferegionsfor PBA�Q�R

Herewe show how to processef�ciently a selectionon
thepredicate

� � " � PBA�Q�R

����


7 '

�

(14)

where � is the interval �

�

� �

�

�

!

. The adaptationof the
procedureto other kinds of predicatesis straightforward.
Recallfrom Section2 that ; and H arerelatedto the well-
known errorfunction.

3.1.1 Semi-in�nite intervals

Suppose�rst that � is a semi-in�nite interval. Without loss
of generality, say �

�

9 and �

� �

. We distinguishtwo
cases:' 7:9 � � and' �:9 � � .

Case1: ' 7 9 � � . By the symmetryof gaussians,we
musthave �D7 9 . Then

 

��� �!�

� 9

�
� !




�

#

%

�

#

�

;

�

�	� �
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Figure 1. Valid region for �

�

� 9

�
� ! �

'+7 9 �

#

.

Figure 2. Valid region for �

�

� 9

�
� ! �

'+7 9 �

	

.

soInequality14 is equivalentto

%

'

�

#

�

;

�

�	� �




�

Since H

�	��
 is amonotonicallyincreasingfunctionof � , this
lastinequalityis equivalentto

� 7 ���ZH

�

%

' >

#




� (15)

Case2: ' � 9 � � . Reasoningsimilarly to Case1, we
obtain

� 7/> ���ZH

�

#

>

%

'




� (16)

Inequalities15 and16 arelinearconstraintsthatde�ne ex-
actly thevalid region for theatomicpredicateof Inequality
14 for thecases'%7 9 � � and ' � 9 � � , respectively. Exam-
plesareshown in Figures1 and2.
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